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Finite Element-Based Analytic Shape Sensitivities of Local

and Global Airframe Buckling Constraints

Youngwon Shin* and Eli Livne'
University of Washington, Seattle, Washington 98195-2400

An examination of available shell finite elements suitable for buckling analysis of thin-walled airframe structures
leads to the selection of a simple, accurate, design-oriented element, which is then used with slight modifications
to obtain explicit, closed-form equations for the stiffness and geometric stiffness matrices. In turn, these equations
are used to derive explicit expressions for the analytic sensitivities of stiffness and geometric stiffness matrices with
respect to shell shape design variables. With analytic shape sensitivities of structural matrices and corresponding
buckling eigenvalues at hand, the resulting new computer capability makes it possible to construct buckling
constraint approximations for approximation-concepts-based structural synthesis, as well as to examine sources
of numerical noise that might appear when parametric studies or finite difference sensitivities are carried out
using existing finite element codes. The simplicity of the shell elements used and the elimination of the need to
carry out numerical integration lead to computational savings, especially when repetitive analyses have to be
carried out during shape design optimization of typical airframes. The new capability is aimed at capturing both
local and global modes of buckling failure with the same finite element model. Subcomponent interaction during
buckling can, thus, be takeninto account during shape optimizationof wing and fuselage structures. Numerical tests
involving plates, thin-walled channel sections, and a complete wing box of a typical fighter airplane demonstrate
the effectiveness and accuracy of the new design-oriented capability.

Nomenclature

A = area of triangular element

[A] = atransformationmatrix [see Egs. (26), (27), (A1)]

a = cross-sectional width of channel

b = cross-sectional height of channel

[D] = constitutive matrix [Egs. (9), ( 35)]

E = Young’s modulus

{f} = consistentload vector

(G}, (H} = direction vectors determining element orientation
in global axes [Eq. (45)]

h = layer thickness

J = transformation Jacobian from physical to area
coordinates

K = buckling coefficient, Eq. (89)

[K] = stiffness matrix

[Ks] = geometric stiffness matrix

L] = row vector of generalized coordinates used for the
transverse shear fields over an element [Eq. (24)]

{1}, {m}, {n} = direction vectors determining element orientation
in global axes [Eq. (47)]

{M} = bending moment

LNV = row vector of displacement shape functions
[Eq. 5)]

N,,N,, N,, = in-planeloadsin an element under static load

n = vector direction along a side of the triangle

{P} = static load vector

[R], [S] = matrices used in the decomposition of
element-bending stiffness matrix,
see Egs. (38), (39)

s = direction perpendicularto the side of the triangle

[T] = geometric transformation matrix from local to
global coordinates [Eq. (46)]

t = wall thickness
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u = x displacementin local coordinates

v = y displacement in local coordinates

w = z displacementin local coordinates

X, Y, Z; = coordinates of node i in global axes

X5, X3, V3 = shape design variables of triangular element in
local coordinates

B = transverse shear angle

{0} = vector of degrees of freedom

£ = strains

21,80, 8 = area coordinates

[A] = geometric transformation matrix from local to
global coordinates [Eq. (55)]

A = buckling eigenvalue

o = stresses

¢ = eigenvector

v = node locations in global coordinates

v = node locations in local coordinates

Superscripts and Subscripts

= bending action

= critical

= related to an element

= membrane action

= vector direction along a side of the triangle

= direction perpendiculatto the side of the triangle
= x and y directions in local coordinates

g

2 a3
~<

Introduction

UCKLING of thin-walled structures is one of the most impor-

tant structural failure modes considered and controlled during
design synthesis of flight vehicles. Typically, in the case of con-
ventional airframes, buckling analysis of skin and fuselage panels
is carried out under the assumption that individual panels (whether
flat or curved) buckle independently of each other. In most cases
during preliminary design (where discrete point supports using riv-
ets or spot welding are still too detailed to be considered), boundary
conditions for buckling analysis of individual panels are taken to be
simply supported. This represents a conservative approach facing
the uncertainty associated with precise simulation of the flexibility
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of edge supportscontributedby the panel’s connectionsto adjoining
panels as well as by stringers, frames, ribs, and spars, which sur-
round the panel.

In the context of structural optimizationin a typical evaluation of
linear buckling constraints, stress analysis of the entire airframe will
be usually followed by buckling analyses of buckling-criticalindi-
vidual panels. Dependence of buckling constraints on sizing type
design variables can be complex and quite nonlinear because local
variation of panel structural designs will affect not only the panels
themselves, but also the stress distribution in the complete struc-
ture. The same happens when airframe shape design variables are
considered—an important phase during conceptual design, where
the shape of an aircraft is to be synthesized. Variation of overall
shape design variables such as wing sweep or aspect ratio affects
stress distributionunder load, but also affects the shape of individual
panels, as spars and ribs change positions correspondingly. Panels
that start by belonging to the buckling-critical set of panels at the
outsetof the design process mightbecome noncritical, whereas other
panels, not initially included in this set, might become criticalas the
design evolves. Moreover, strong interactions among neighboring
panels or among panels and webs of supporting ribs and spars can
arise as a configuration might change shape significantly compared
toitsinitial design. A design-orientedanalysis capability,including
automatic mesh generation and mesh variation as well as behav-
ior sensitivitiesand approximations and which can effectively track
modes of buckling failure during the sizing/shape optimization of
airframes, is, thus, highly desirable.

Numerous references published over the last 30 years address the
problems of panel-bucklingoptimization and the interplay between
the local buckling optimization of individual panels and the global
optimizationof the complete airframe.'~!° Researcheffortsto exam-
ine the significance of globalbuckling analysisin airframestructural
optimization (allowing for subcomponentinteractions during buck-
ling) had been scarce'""'? and were limited to sizing type-design
variables and to structural configurations made of rectangular sub-
components. Of course, any finite element-based buckling-analysis
capabilitycanbe used for shapeoptimizationif behaviorsensitivities
are calculated by finite differences or by semianalytic differentia-
tion. However, the computationalcost and numerical problems asso-
ciated with finite differencesare well known'3 as are potential accu-
racy problems associated with the semianalytic method. Research
efforts to develop design-oriented structural modeling techniques
with analytic shape sensitivities for airframe shape optimization
had been very scarce t00,'*~!7 even though structural shape opti-
mization is a well-established technology, applied successfully to
many design synthesis problems in the car, ship, machine-part, and
civil engineering industries.'’~>

In Ref. 26 a design-orientedskin buckling analysis for shape op-
timization of wing structures was presented, taking into account the
local and global effects of variations in panel design variables, ad-
dressing skin panels of general trapezoidalplanform, butstilllimited
to single panels simply supported on all edges. The present article
presents a finite element-based design-oriented airframe buckling
analysis capable of predicting buckling modes involving interac-
tions among subcomponents as well as buckling of single stiffened
panels, with geometric configurations made of general trapezoidal
segments. Although this type of analysis can be carried out to-
day with general purpose finite element codes,'? the new capability
presented here includes sensitivities of buckling constraints (with
respect to panel and overall shape design variables) obtained ana-
Iytically and explicitly.

Asthe presentarticle shows, careful selectionof the shell elements
used in the new design-oriented airframe structural analysis capa-
bility makes it possible to obtain stiffness and geometric stiffness
matrices as well as their sensitivities with respect to shape in closed
form and without the use of numerical quadrature. There are signif-
icant computational gains associated with the increased speed with
which element matrices are calculated using this explicit, closed-
form formulation. The paper reviews the equationsused to generate
stiffness and geometric stiffness matrices and then moves on to de-
scribe calculation of analytic sensitivities of these matrices with

respect to sizing and shape design variables, leading to sensitivities
of the buckling eigenvaluesthemselves. Test cases involving plates,
thin-walled channels, and a realistic fighter wing structure are used
to assess computational effectiveness;accuracy and convergence of
the buckling analysis; successful capturing of buckling modes in-
volving subcomponentinteractions; and sources of numerical noise
in parametric results, as well as accuracy of the sensitivity analy-
sis and associated approximations. The resulting capability is con-
structed for integration with nonlinear programming/approximation
concepts (NLP/AC) based structural optimization?’

Linear Strain Discrete Kirchhoff Flat Shell
Triangular Element with Loof Nodes

When searching for a design-orientedshell element, for airframe
stress and buckling analysis, the following features are sought: 1)
the element should be simple to formulate, with explicit equations
that can be used to obtain analytic sensitivitieswith respectto shape,
material, and sizing design variables; 2) the element should be re-
liable and capable of capturing accurately the stress and buckling
behavior of typical wing and fuselage structures; 3) the element
should be computationally efficient, an important considerationin
any optimization capability where repetitive evaluation of structural
behavioris required; and 4) it should be possible, using the selected
element, to model shell, plate, and any thin-walled built-up structure
of general shape, including structures with sharp fold lines or with
multiple surfaces meeting at joint lines (such as when spar or rib
webs in a wing meet the upper or lower skins).

An examination of the large number of shell elements developed
over the years?*?8=30 shows that the flat triangular shell element of
Refs. 31-33 meets all of the requirements just stated. Unlike most
curved shell elements, which lead to quite complex formulationand
numerically expensive evaluation of their stiffness and geometric
stiffness matrices, this flat element is simple, and its formulation
can be done explicitly in closed form. It avoids many of the difficul-
ties associated with other flat shell elements such as the problems
with drilling degrees of freedom, or the inconsistent displacement
fields used to describe in-plane and transverse behavior?-3*~4! The
geometricinaccuraciescaused by the approximationof the structure
by a mesh of flat facets are not very severe in the case of typical
wing structures, where curvature of the skinsis usually moderate. In
the case of fuselage structures, the element is expected to perform
accurately as well (as Ref. 17 demonstrates using flat shell elements
and as Ref. 32 shows in the cases of cylindrical roof and a pinched
cylinder).

Detailed derivation, adopting a design-oriented perspective, of
structural matrices for the element in local and global coordinates,
is presented in the following sections. All major assumptions are
summarized, and the resulting equations (expressed explicitly in
terms of design variables) are cast in a form that makes application
of automated symbolic algebra straightforward.

Element Geometry in Local Axes

As Fig. 1 shows, the element is positioned in local x, y axes so
that its 1-2 side is along the x axis and vertex 1 is at the origin.

3 (%)

& X
1 (0,0) 2 (x,,0)

Fig. 1 Element shape design variables and vector side directions (r, s)
in local axes.
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Out of the six vertex coordinates defining the shape of the element,
only three are necessary: x,, x3, and y; because x; =y, =y, =0.
Area coordinates ¢y, ¢,, ¢3 are used in the derivation of stiffness and
geometric stiffness equations3%4? The area of the element is

A= %xz)’z

Exact-area integration formulas, which are used extensively in
the derivation of element matrices, are, thus, explicitly dependent
on element shape design variables (vertex coordinates):

cphee da alblc! oA alble!
= = x
Aflfzfz @tbtct2)! (@a+b+c+2)! 23

Six nodes (the vertices 1, 2, 3) and the midside nodes (4, 5, 6)
as well as six Loof nodes (i-vi) are used. With nodes 4-6 located
in the middle of the sides, and when independentlocal coordinates
&1, & ae used, it is possible to get explicit inverse-Jacobianas

& 06
0x 0x :l k] Y3
6 06 | Tlu-x x
ay  dy
where
J=2A=x,-y; 1)

and integrationof a polynomialin area coordinatesover the triangle
area is accomplished by the following formula:

Y men m!n!
/(;/(; £'E) A&, d&, = (2+m—+n)' )

The Loof nodes are located at Gaussian points on each side.3 Ex-
pressing x, y positions of all nodes explicitly in terms of the el-
ement’s shape design variables x,, x3, and y; is straightforward
because the transformation of a point w = £0.57735026919, w €
[—1, 1]to a corresponding point on any side connecting (x;, y;) and
(x;,y;)is

x =[(1 —w)/2lx + [(1 + w)/2]x;
3)
y=[0-w)/2ly; + [(1 + @) /2]y,

where w = 0 for the midpoints4, 5, 6 and where the two Loof nodes
on each side correspond to w = +0.57735026919.

Membrane Action

The Linear Strain Triangle (LST) is used for modeling membrane
behavior of the shell because of its good convergence properties in
plane stress cases'>* and because of its quadratic displacement
field. This in-plane quadratic displacement field is consistent with
the quadratic transverse displacement field used to model bending,
as is shown in the following section. Design-oriented formulation
of the equations for LST stiffness matrices, leading to explicit ex-
pressionsin terms of sizing type and shape design variables as well
as analytic sensitivities with respect to sizing, material, and shape
design variables, are described in Refs. 15, 17, and 44. A different,
more general, approachis taken here and is used for formulation of
bending stiffness and geometric stiffness as well. In the following
the principlesand the equationsused to obtain such explicitformula-
tions are described in a self-contained manner. Detailed derivations
can be found in the references.

The in-planex and y displacementsare quadraticoveran element.

u=|N]{u"}, v=|N[{v"} “4)

u U
111 ﬂn(i) M ﬁn(u‘) 2

Fig. 2 Element translational and rotational degrees of freedom.

where

IN] =

(625 = 1) &R —1) G284 —1) 4518 4583 48183)
3)

The u, v displacements at nodes 1-6 (Fig. 2) are

{v"} = {vi, v2, v3, V4, Vs, V6}

(6)

(™} = {uy, us, us, uy, us, ug},

leading to membrane strains

ey ={er, e v}

V.. ] 0] m m
m {u™} R U
{e"y=1 0] [N, W =[B"] ) (M
[Nyl LN,

The corresponding membrane forces {N,, N, N} are
{N} = [D,){e"} ®)

where, for isotropic material with thickness f, Young’s Modulus E,
and Poisson’s ratio v,

Et vEt

(1=v) (A=Y 0
Et Et
D= | — 9
Dal=| o= o O ©)
0 0 Bt
20+ v)

The element membrane stiffness matrix becomes
[K"] = //[BM]T[DM][B’"]dA (10)
A

where [ B"] is defined in Eq. (7) and is expressed explicitly in terms
of local area coordinates and element shape design variables using

T

—y:4& — 1)
Y346 — 1)
1 0
T 4(—y:6 + »:61)
4y3&;
—4y;&;

V.. ]
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—(x —x3)@dE —1) )"
—x3(4& — 1)
W, | = 1 (45— 1) an

J | 4l—x381 — (x2 — x3)&]
4(—x383 + x26,)
—4[(x2 — x3)&3 — 2611

Substitution of Egs. (7), (9), and (11) into Eq. (10) gives
[K"]=(1/DIK"] (12)

where
(K™ = //[BM]T[DM][BM]J dA (13)
A

Each element of [K™] is, then, a linear combination of inte-
grals of the type shown in Eq. (2). Each contributing term of the
form constant x f 4 ;f;z” ¢y dAis, then, evaluatedanalytically. The
triple product in the integrand of Eq. (10) can be carried out manu-
ally. However, the tedious evaluation of this triple product explicitly
in terms of shape design variables (x2, x3, y3) and monomials in
area coordinates can be carried out automatically using symbolic
equation manipulators*>~*° In the case of this work, the Mathe-
matica code®® was used. The resulting stiffness matrix representing
membrane behavior depends explicitly on the thickness, material,
and shape design variables. In the case of composite laminates, the
constitutive matrix [D,,] is obtained by summation of constitutive
matrices [Q(6;)] (depending on the directions of their fibers) mul-
tiplied by their respective thicknesses?; (Ref. 51).

A consistent load vector for distributed forces in the x and y
directions is obtained by

Tiae =// INIp,, dA (14)
A

Again, when the load per unit area is expressed as a function of
area coordinates in polynomial form, the elements of Eq. (14) can
easily be integrated analytically using the integrals in Eq. (2). The
resulting consistent in-plane load vector is expressed explicitly in
terms of the shape design variables x,, x5, and y;.

Bending Stiffness Matrix

ThedisplacementsU (x, y, z), V(x, ¥, 2), W(x, y, z) atany point
(x,y,z) in a midplane symmetric laminate are approximated in
first-order shear deformation theory (FSDPT) using two rotation
deformation functions 8, and 8, and transverse displacement w ,

as shown in the following equation (all functions of x and y).

Ux,y,2) =z Bulx, y), Vix,y,2) ==z B,(x,y)

(15)

Wx,y,2) =wx,y)

The resulting bending strains can therefore be expressedin terms
of the rotations 8, and B,, as

b

Erx ﬂx,x
=1 1=21 -8, = z{x} (16)
thy ﬂx,y - ﬂy,x

and the transverse shear strains are

A -
Vay w,y =By

To model thin-platebehavior,in which transverseshear effectsare
negligible, the Kirchhoffassumptionthat normals to cross-sectional
planes remain normal in the deformed plate must be imposed over
the element:

w,, +B: =0, w,, —pfy, =0 (18)

These constraints can be imposed at particular points, or in an inte-
gral manner over the element

//(ﬂx-i—w,x)dA=//(—ﬂy+w,x)dA=0 (19)
A A

Assuming that each infinitesimal layer of the plate at some distance
z from the reference surface s in plane stress, the bending moments
are related to bending strains by

{M} = [D,]{e"} (20)

Now, the bending displacementand rotation fields are approximated
as follows. The transverse displacementis quadratic on an element,
and, consistent with the quadratic approximationof LST membrane
in-plane displacements (Egs. (4) and (5), it takes the form

w = [N {w} 2D

where the transverse displacements at the vertices 1-3 and midside
points 4-6 are (Fig. 2)

Wi =[w, w, wy ws ws wl (22)

For the interpolation of normal rotations B, and 8, the following
basis is used:

B. = LLI{a} (23)
where
L] = |1 ¢ & ¢ aen ¢ (28 + 3606, — 36,67 — 283) |
(24)

and {a} is the vector of generalized displacements. The seventh
term added to the complete qudratic polynomial in Eq. (24) and an
additional central node are added, as explained in Ref. 31, to make
it possible to obtain the nonzero shape function values at the Loof
nodes. Substituting the area coordinates of the Loof nodes and the
center node makes it possible to express the generalized coordinates
{a} in terms of the rotations at the Loof nodes and center node {8}
(Fig. 2):

T
{ﬂ;’} :[ﬂx(z‘) Braiy  Buiin Beavy  Brwy  Brwi ﬂx(c)]

(25)

leading to
Be (@1, 02, £3) = LL(G1. &, ¢ JIAT {81} (26)
By (&1, & &) = LL(G1. 6. &) I[AT {81 ) 7)

where the matrix [A]~! is given explicitly in the Appendix. At each
Loofnode alongeach side of the triangle, two axes (s, n) are defined,
so that the n axis is along the side (going from vertex to vertex)
and an axis perpendicularto the side s. The Classical Plate Theory
(CPT) Kirchoff constraints [Eq. (18)] are now imposed at the six
Loof nodes i-vi,

Vsz = W,y _ﬂx =0 (28)

in addition to two area transverse shear constraints [Egs. (19)]. The
result is an explicit dependence of the vectors {8}, {8}} on trans-
verse displacements at nodes 1-6 and shear rotations along the side
of the triangle at the six Loof nodes:

ol {w}
{1} =1C01 { (6} }

where

(g1} =1c,1 { {{;;U}}} (29)

{ﬂn}r = {ﬂn(i)v ﬂn(ii)v lgn(iii)» lgn(iv)v ﬂn(v), ﬂn(vi)} (30)
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and the matrices [C, ] and [C, ] are given in the Appendix explicitly
in terms of panel shape design variables. Substituting Egs. (29) and
(30) into Egs. (27) and (28) yields

{w"}
= |LJ[A7][C,
{8} = LI[AT][ ]{{ﬂn}}

€20)

{w"}
= |LJ[A7'][C
{B,} = LLI[AT][ y]{{ﬂ”}}

where |L| = |L(1, &, ¢3)] and the matrices [C,] and [C,] depend
explicitly on the shape design variables as well as on area coor-
dinates. The transverse shear fields now depend on 12 degrees of
freedom: the six transverse displacements w; — wg at nodes 1-6 and
six rotations B, at the six Loof nodes. From Egs. (16) and (31) the
bending strains at a distance z from the plane of symmetry can be

written
LL, JIA'IC,] ()
(e =z —|L,, [[A71[C,] {{ﬂ }}
LL,, JIA~'IC.] — L, J[A71IC,] "
= 2[B"] { {{;”}}} (32)

where the [ B®] matrix can be expressed explicitly in terms of area
coordinates, material properties, and thickness as well as element
shape design variables, using the explicit expressions

-

0
-3

1 Y
=7 2y,
—y3& + 36
2y36,
v3 (687 + 6515 — 387) + v3(357 — 661, — 657)

~

(33)

L,.] =

0
—(x; — X3)
-
—2(x3 — x3)&;
—(x2 — x3)& — x3&
—2x36,

—(xy — x3) (652 + 681, — 382) — x; (387 — 65,8, — 682)

(34)

~| =

If the flexural stiffness matrix for a fiber composite laminate (with
layers located at distances &, from the reference plane, see Ref. 51)
is given by

1 n
(D)) =5 D 10,1 (ki — ki ) (35)

i=1

then, the bending stiffness matrix for the element is
[K'] = //[Bh]T[Db][Bb]dA (36)
A

and in order to simplify the integrand in Eq. (36), the matrix [B”]
[Eq. (32)] is decomposed

[B"] = [SI[R] (37)

so that
[L..] 0
[S1=( 0o —IL,] (38)
L,,] —LL.]
[A17'[C,]
R] = (39)
K |:[A]1[Cy]i|

Because all of the components of the matrix [R] are independent
of the area variables, the matrix can be taken out of the integrand,
leading to

(K] = (1/D)[R]"[S][R] (40)

where
[S1= / / [S1"[D,1(S1J dA (41)
A

Each element of the integrand in Eq. (41) is a linear combination
of polynomial terms taken from Egs. (33) and (34). Whereas the
bending stiffness matrix is evaluated in Ref. 31 using seven-point
numerical quadrature, here the triple productis carried out automat-
ically using symbolic algebra,*® and then the exact expressions for
the area integrals [Eq. (2)] are used to yield a bending stiffness ma-
trix for the element in local axes, where every element is expressed
explicitly in terms of layer thickness, material properties (such as
fiber angles), and shape design variables x,, x3, and y;.
The consistentload vector correspondingto transverse loads is

iy =// IN.1p(¢1, &, &) A (42)
A
where
N =162 -1 6R&L—-1) &R&—1) 44
458 444 0 0 0 0 0 O] (43)

When a uniformly distributed load p, is applied over the element,
the load vector is

(Y =p.0 0 0 A/3 A/3 A/3 0 0 0 0 0 0)
(44)

which through the dependence of the area A on shape design vari-
ables [Eq. (1)], is explicitly dependent on the panel’s shape design
variablesin local coordinates.

Element Shape Design Variables and Geometric
Transformation from Local to Global Coordinates

Both membrane and bending stiffness matrices are calculated in
a local coordinate system in which the local x axis is aligned with
the line vector from node 1 to node 2 and the z axis is perpendicular
to the element plane (Fig. 1). The element stiffness matrix of the flat
shell element is obtained by superposition of membrane and bend-
ing stiffness matrices. Shell membrane-bendingcouplingis attained
through the proper spatial transformation from local to global coor-
dinates.For an elementpositionedin the globalaxes, with verticesin
global coordinates at (X1, Y1, Z,), (X», Y2, Z,), and (X3, Y3, Z3),
a geometric transformationmatrix [7'] between local and global co-
ordinates is calculated using the vectors H (along side 1-2 of the
triangle) and G (along side 1-3 of the triangle)

Xz - X] X‘S - Xl
H={ hL-1 ¢, {Gl=1 -1 (45)
Z, - Z, Zy - Z,
leading to the transformation'’
nr
[T]=| (m}" (46)
{n}"
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where the local x, y, z axes are expressed by components in the
global axes as vectors {1}, {m}, {n}:

{H) _ (H} x{G}

=t =X
D=1mr "= mxen

{m}={n}x{l} @7

These vectors can be expressed explicitly in terms of vertex nodal
coordinates in the global coordinates, for example,

' X, — X,
i} = X Y,-Y
VE-XP+L -V (207 | 4 g

(48)

As has been discussed already and shown in Fig. 1, only three
nonzero nodal coordinates exist in the local coordinate system, and
these can now be expressed explicitly in terms of the nine global
element shape design variables X, Y|, Z|, X,, Y>, Z,, X3, Y3, Z5:

XX, Y, Z, X, Y5, 25, X3, Y3, Z3) = {I}T{H}
x3(X1,Y1,Zl,X2,YZ,ZZ,X3,Y3,Z3)={I}T{G} (49)
(X1, Y, 2, X0, Y2, 7y, X3,Y3,Z3) = {m}T{G}

Itis now possible to obtain derivatives of local shape design vari-
ables x,, x3, y3 with respect to nine global coordinates determin-
ing element location and orientationin the global axes. These nine
coordinates (X, Yy, Z,, X», Y», Z,, X3, Y3, Z3), in turn, can be ex-
pressed in terms of overall shell shape design variables defining the
shape of the complete structure. This is important for the following
shape sensitivity analysis, where the chain rule is used to get ana-
Iytic sensitivities and where derivative calculation with respect to
local coordinates can be made efficient by reducing the number of
nonzero independent nodal coordinates.

The element stiffness matrix in local coordinates becomes [Eqs.
(6), (7), (10), (30-32) and (36)]

[K™] O
K=
(K] [ X [K,,J (50)

where the local degrees of freedom are in the vector {5¢}

4 = {wmy" Y ) (8.7} (51)
After rearranging the rows and columns of the local stiffness matrix
(Eq. 50) to correspond to a reordered vector of local degrees of
freedom {6°},
(o) = {’41 vy wy Uy o, o,

we  Buiy > ﬂn(m} (52)

The geometric transformation matrix [7'], which relates the local
degrees of freedom to global degrees of freedom, is used to express
the stiffness matrix in the global coordinates:

[K]=[A]"[K“I[A] (53)
where
{6°) = (AU} (54)
7] _
[T]
[T]
[A] = 11 (55)
+1

A rotational degree of freedom at a Loof node i, B,,(;), on a side r-s
is directed (in a vector sense) along the vector pointing from node r
to node s (Fig. 2). When two neighboring triangles, triangle p and
triangle g, share a side and when Loof nodei on triangle p coincides
with node j on triangle g, then the local directions of ” 8,;, ¢ B,
and the global directions coincide and are the same. There is, thus,
no need to transform these rotational degrees of freedom from lo-
cal to global coordinates. Attention must be given, however, to the
directions of these rotations along a side (whether they are positive
from node r to node s or from node s to node r). When both local
numbering and global numbering of vertices are in ascending order
along the edge, the components of transformation matrix regard-
ing normal rotations are positive, and normal rotations have same
direction.

The force vector can be written in the global coordinate using the
same transformation:

ey = 181719} (56)

Static Analysis

Elastic displacements and rotations under load are obtained by
solving the matrix equation

(K1{U} = {P} (57)

where [K] is the global stiffness matrix, {U} is the vector of all
global degrees of freedom, and {P} is the global load vector. Ele-
mentdeformationsin local coordinatesare recoveredfrom {U} using
Eq. (54). Strains and stresses are recovered, then, using Egs. (6-8),
(32) and (35). Especially important, for the formulation of the geo-
metric stiffness matrix are the in-planeinternalloads per unit length,
which, in the case of symmetric laminates are

N,
! {u"}
Ny, ¢ =[D,{e"} = [D,]1[B"] . (58)
N {v"}
Xy
Note that the in-plane loads are given explicitly in terms of local

nodal degrees of freedom, material properties, and element local
shape design variables [Egs. (7), (9), and (11)].

Geometric Stiffness Matrix
Using the von-Karman assumptions®® to express the nonlinear
membrane strains, the well-known expressions are

[ 2
ow

1
2 0x
1 ow

=1 5

3 5 (59)

ow ow
0x ay

and the potential energy of nonlinear membrane strains can be writ-
ten as

ow

1 ow dw][N N, )ox
v:—//—w = T rda (60

2 /), 0x 9y [Ny N, ow

ay
where N, (81, &2, §3), Ny (81, 82, 83), Niy (81, 82, ¢3) are in-plane in-
ternal loads per unit length obtained from the static solution. Using

Eqgs. (5) and (21) and rearranging rows and columns according to
Eqgs. (51) and (52) leads to a matrix [G], which is defined as

W, x |_N7XJ A RO —
{wvy } { N, | }{w =168} =618} (61)
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Now,
V =45V [Ksl{o) (62)

where the element’s geometric stiffness matrix is defined as

[xs]= //[G]T [ o N”} [G]dA (63)
¢ A ny Ny

and transformation from local to global coordinates leads to
[Ko] =[A]"[K§]IA] (64)

Because the membrane forces are expressed in closed form in
terms of nodal displacements and material properties [Eq. (58)],
those can be directly substituted into Eq. (63) for the explicit for-
mulation of geometricstiffness matrix. But thisis notdesirable when
consideringeffective derivationof the shape sensitivitiesbecauseall
of the nodal displacementsof the element [Eq. (58)] will be included
in the geometric stiffness matrix, and, thus, a correspondingnumber
of derivative matrices will be needed in chain rule differentiation,
using the shape sensitivities of the static solution [Eq. (57)].

For the effective calculation of geometric stiffness sensitivity, the
number of physical variables needs to be reduced. The LST mem-
brane element produces linear stresses in the area coordinates when
midside nodes are used, and, then, stresses at any three points can
reproduce the stress distribution in the element. To get the explicit
formulation of geometric stiffness, the following interpolation is
used for the stress distribution:

b,

N.=[1 & &J1b (65)
by

Using Eq. (58), membrane forces are calculated at three Gaussian
points, and applying Eq. (65) at these points leads to expressions
for in-plane loads in terms of their values at these three points.

le
N.=[1 & &I[BI"'{ No (66)
Nx3

Similarly, Ny and N,, can be expressed in terms of resultant
forces at Gaussian points and of area coordinates. By substitut-
ing Eq. (66) into Eq. (63), only nine components of the membrane
forces are required for the interpolationof membrane forces over the
element.

Now all of the matrices in Eq. (63) are explicitin terms of area co-
ordinates,nine values of in-planeloads /;; at three Gaussian points,
local shape design variables in the form of local coordinates of ver-
tices, and material properties. When the triple product of the inte-
grandin Eq. (63) is carried out using automated symbolic algebra,>
the result (for each element of the element’s geometric stiffness
matrix) is a linear combination of polynomials in area coordinates.
Using the explicitexpressionsfor these integrals, the element’s stiff-
ness matrix is found explicitly. It can then be transformed to global
coordinates

(Kol = (1/DIA]"[KGIA] (67)

Ksl= G1" No Ny G]J dA (68)
[Kg] = A[] N, N, [G]

Bifurcation Buckling Analysis

In linear buckling analysis of a structure, the system equations
are expressed in the form

([KT+ 1[Kg1l{¢i} = {0} (69)

where

where [K] and [K ] are stiffness and geometric stiffness matrices
of order n, ;, and {¢;} are eigenvalue and corresponding eigen-
vector. The eigenvalue A determines by how much the loads on the

structure have to be increased or decreased to obtain an equilibrium
bifurcation point. For a structure to be buckling safe, all eigen-
values must be larger than one. A typical buckling constraint is
written as

g=1—-2un =0 (70)

Large-scale symmetric eigenvalue problems of the type shown
in Eq. (69) are solved routinely today in the context of structural
analysis, in buckling and also in structural dynamics, where vi-
bration mode shape and natural frequencies are calculated using
the stiffness and mass matrices of a structure. There is an impor-
tant difference between the structural dynamic modeling needs in
airframe design and the buckling-analysis needs. Overall airframe
static and dynamic aeroelastic responses involve global deforma-
tion of the structure (such as wing bending or torsion) while local
vibrations (such as panel vibrations or spar web vibrations) are less
important in transonic airplane design, and, thus, airplane aeroelas-
tic mathematical models need not be of very high order. A design-
oriented modeling approach for buckling,however, as pursued here,
where with one structural model both global and local buckling fail-
ure modes (or buckling caused by subcomponent interactions) can
be captured, makes it necessary to use fine finite element meshes
and many degrees of freedom. The resulting large-scale eigenvalue
problems are solved, in the capability described in this article,
using a Lanczos algorithm for generalized symmetric eigenvalue
problems.>

Analytic Sensitivities

A significant amount of experience already exists in the area of
sensitivity analysis of finite element structural behavior, covering
problems involving static and dynamic deformation and stress as
well as vibration and buckling*3 Because of the complexity of
shell finite elements, the sensitivity analysis of these elements in
general (especially in the case of shape design variables) is quite
challenging,and in most practical cases shape sensitivitieshad been
obtained using finite difference or semianalyticdifferentiation,even
though the numerical problems associated with these techniques are
well known.* Automatic differentiatior® can be applied, of course,
to existing computer subroutines already used for the generation of
shell element stiffness and geometric stiffness matrices. However,
because most shell element matrices rely on numerical quadrature
for area integration, they are computationally expensive. Modifying
existing codes to include sensitivities using automatic differentia-
tion will lead to expensive sensitivity computation as well. When
numerical quadrature is used, even using analytic derivation of el-
ement sensitivities’*® will still lead to considerable computational
cost of evaluating both the element matrices and their sensitivities
because in this case the sensitivity with respect to nodal positions
must be obtained at each Gaussian point.

In the preceding sections explicit mathematical expressions in
terms of thickness (sizing), material, and shape design variables
were given for all steps required in the static analysis and corre-
sponding linear buckling analysisof thin-walled structures. Extend-
ing the usage of automated symbolic equation derivation to obtain
explicit expressions for the derivatives follows naturally. The capa-
bility of Ref. 50 was used to obtain sensitivities of element matrices
inthelocal coordinatesystem. These were, then, combined with sen-
sitivities of element vertices in the global coordinates with respect
to shape design variables used to parameterize the overall shape of
the structure.

Let g; be a global shape design variable. First the derivatives of
node locations in the global coordinates, 9W;/d¢; are calculated.
Using the derivative of the geometric transformation matrix [which
can be done by calculating the derivative of individual components,
Eqgs. (46) and (55)] the derivative of the element’s contribution to
the global stiffness matrix can be written as

JIK]  BlA] NG JlA
% = AL peyiay 4+ ar B Ay Ay 2AD
qi 0q; 0q; 0g;

(71)
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and the derivative of nodal locations in the local coordinates (V)
are calculated using chain rule

oy _ v 0%
g, owv; 9g;

(72)

Because the components of the element stiffness matrix are ex-
plicit functions of the location of nodes in local coordinates, the
derivative of the element stiffness matrix becomes

d[K°]  A[K“] ayx
g, Y 9g;

The explicit element stiffness matrix representing bending [Eq.
(40)] is

(73)

[K®1= (1/1)[RI"[S][R] (74)

where both [R] and [S] contain nodal coordinates and where ma-
terial properties are included in [S]. Element bending stiffnesses
for orthotropic material depend on the direction of the local coordi-
nate system, which is calculated from nodal locationsin the global
coordinates. The derivatives of material properties must, thus, be
included (they are zero for isotropic materials). As a result, the
derivative of element bending stiffness matrix is

0[K"] _ 8[K”]% 8[[(”]&

0g; oYy 9g; ow; dg; 79
where
8[K”] 8(1/]) 1 9[R]" -
RI"[SI[R1+ = ——I[S][R
awk 81/j[][][] 81/fk[][]
3[S] d[R]
+[R)"——I[R] + [R]"[S]— (76)
IV IV

J[K? 1 as
AT e &g
E)\Ilj J E)\Ilj

Similarly, for the membrane stiffness matrix [Egs. (12) and (13)]

I[K™] _ 9[K™] 0y  I[K™] 0V, 77
dq; Y g AV, dg
where

K™ (1)) - 1 39[K™]
= K™+ — 78

e o Ty 78
OLK"] _ 1 3[K"] 79
Y, J 8y,

Using explicit expressions for the consistent load vectors
[Egs. (14), (42-44), and (56)], shape sensitivity of the force vector
is easily obtained. It is now possible to obtain the derivative of the
static solution [Eq. (57)] analytically using the already decomposed
global stiffness matrix®*:

ol (][50 -
aq dq aq

By taking derivatives of Egs. (67) and (68), the following sensitivi-
ties of geometric stiffness are now obtained:

J[K a(l/J 1 9[A]" -
[86] A pyr (KAl + 5 AT 1K 1a)
qi 0q; 0q;
A
+[A]” EG][AH[A] (K1 LA (81)
qi 0q;

and because the matrix [K;] is a function of membrane forces at
three Gaussian points as well as of nodal coordinates, its sensitivity
can be obtained by

[Ksl  A[Ksl v  3[Kgl d{Num)
= —+ 82
8qi 81//1( 8‘11 8{Ivmk} 8‘11 ( )

Using the explicit equations for in-plane internal forces in terms
of the deformation vector {U} and element sizing, material, and
geometry [Egs. (58) and (66)], the derivatives of N,, Ny, and N,,
evaluated at the three Gaussian points of the triangle are obtained
explicitly in closed form using symbolic derivation. With

(N} = [Dul[Bu]lT,1{U} (83)

sensitivitiesof the membrane forces are calculatedat the three Gaus-
sian points as

ag;  oqr " "
[T, At
+[Dy1[Bu] E[) ]{U}+[D 1[BullTn ]L (84)
gi 9,

Sensitivity of Buckling Load
and Buckling mode Shapes
Now thatthe sensitivitiesof the [ K] and [K ] matrices (d[K]/d¢;
and 0[ K;]/0q;) are availableanalytically,the sensitivity of buckling
eigenvalues (in the case of distinct eigenvalues) and, hence, the
sensitivity of buckling constraintsis given by>*>

dg _ 0 _ QVIOIK1/0q, + A (OIKG1/0aHS) oo
g ag; {$}[Ks1{g}

Also the sensitivity of eigenvector with respect to the design vari-
able is obtained from>

d i
[B]{a¢ }= (F) (86)
ql
where
[B]] = (K] + MIKe]) 87)
K J[K,
(Fy=— KDL AWKl O p ) ey 89)

0g; ag; ag;

Test Cases and Numerical Results

A thorough assessment of the accuracy of analysis results and
corresponding analytic sensitivity results obtained with the present
capability can be found in Ref. 60 for a variety of test cases in-
cluding rectangular, skew, and triangular isotropic and composite
panels, as well as thin-walled channels and a representative fighter
wing structure. The test cases and results described here are se-
lected to demonstrate buckling analysis/sensitivity of realistic three-
dimensional structuresmade of assemblies of curved and flat plates.
The thin-walled rectangular channel is chosen because of the avail-
ability of theoretical results and its variety of modes of buckling
dependingon its shape. The model fighter wing is similar in geome-
try to an actual lightweightfighter wing, with a somewhat simplified
layoutofits internal structure. The size and complexity of the fighter
wing model arerepresentativeof wing structuralmodelsused in pre-
liminary design. As results will show, under high load factor pull-up
loads buckling failure modes switch as the planform of the wing
changes shape, and neighboring panels and corresponding spar/rib
webs buckle together.
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a

Fig. 3 Geometry of the slender thin-walled channel section.
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Fig. 4 Variation of buckling eigenvalues and analytic shape sensitivi-
ties for the slender channel as a function of cross-sectional shape b/a.

Figure 3 showsa thin-walledlong channel section subjectto com-
pressive loads for which analytical buckling results, including re-
sults for buckling modes involving interactions between neighbor-
ing plate segments, are available®' The length of the channel is L,
and its cross sectional width and height are a and b, respectively.
Wall thickness is constant, and the material is isotropic. The chan-
nel is simply supported at its open ends in the planes of the cross
sections, and it is subject to a uniaxial compressive force per unit
length N in the direction of its axis. Theoretical results®' are avail-
able for this case when the lenth of the channel is large relative to
its cross-sectional dimensions. In the test cases examined here the
L /aratiois 7.0, and the wall-thicknessto cross-sectionalwidth ratio
t/a= 1—(1)0 Because the structure and the applied loads are symmet-
ric, only one-eighth of the channelis analyzed. The flat-plate walls
of the channel are assumed to be connected rigidly, so that the un-
deformedright angles between upper panels and side panels remain
right angles as the structure deforms.

For shape sensitivity analysisthe height of the channel b is chosen
as a shape design variable. The numerical results for both buckling
andbucklingsensitivityanalysisare shownin Fig. 4, coveringdesign
variable changes from »=0.6 to 1.2 (with a =1.0). A buckling
mode shape for a given geometry b/a = 1.0 is shown in Fig. 5. The
buckling load coefficient shown in Fig. 4 is defined by the equation
for the critical buckling load:

Kn’Et

Ncr = T 5
12(1 — v2)a2

(89)

As can be seen, accuracies of the finite element (FE) analysis and
analytic sensitivities using the new capability are excellent.

Fig. 5 Typical critical buckling mode shape for the channel, b/a = 1.

Figures 6 and 7 show the two lowest buckling mode shapes on an
all aluminumrepresentativelightweight fighter wing in a 9g pull-up
maneuver. The wing box is subject to distributedloads over its upper
skin. It has an array of 11 (includingleading edge and trailingedge)
spars and 4 ribs, typical of what is used in fighter wing design to
create multiple load paths, reduce the size of skin panels (and thus
reduce skin weight needed to stabilize skin panels againstbuckling),
and also provide hard points for external store pylons, as well as
for leading-edge and trailing-edge high lift devices. The wing has
a 3.5% thick parabolic airfoil. The FE model consists of 354 flat
shell elements for ribs and spars as well as wing skins, a somewhat
coarse mesh because the emphasis in the cases reported here is
to validate the accuracy of the analytic shape sensitivity analysis
and finer meshes would lead to very large FE problems requiring
considerable computationalresources. The total number of degrees
of freedom, after application of cantilever boundary conditions at
the root, is 2457.

As can be seen, in both buckling mode shapes shown the buck-
linginvolvesneighboringpanelsand the supportingstructurearound
them. The current model captures this local failure and overall wing
deformation and stresses accurately as well. When planform shape
variations are introduced, the leading-edge sweep angle serves as
a shape design variable, and the wing is allowed to change shape
(Fig. 8) while keeping loads on the nodes of the upper skin con-
stant. Figure 9 shows the variation of the two lowest buckling roots
as the wing shape (leading-edge sweep angle) is varied. Analytic
shape sensitivities calculated at each point (shown as short straight
lines at each point) are excellent, even though the parametric results
themselves are noisy and non-smooth.

If only analysis results are sought, this numerical noise in Fig. 9
is of small magnitude, and accuracy of the analysis at each leading-
edge sweep angle is good. However, if this analysis capability is
used to obtain sensitivities via finite difference or semianalytic
techniques, considerable errors in sensitivity predictions can be
expected. These problems with finite difference or semianalytic
differentiationwhen certain disciplinaryanalysis codes portray non-
smoothbehaviorin the contextof multidisciplinarydesignoptimiza-
tion (MDO) are well known.** In our case the nonsmoothness was
traced and found to originate, not surprisingly, in the stress recov-
ery at the element’s Gaussian points (to be, then, used to evaluate
the geometric stiffness matrix). The analytic sensitivites, as Fig. 9
shows, are always accurate and reliable.

If we name the nine upper skin panels between the first and sec-
ondribsspl, sp2, ... sp9 (starting near the trailing edge and moving
toward the leading edge), we notice that upper skin panel spl and
adjacent panel sp2 buckle in the Mode A, while Mode B is charac-
terized by the buckling of three connected panels from sp5 to sp7.
In both cases there are interactions with the neighboring support
structure.

It is interesting to compare buckling load coefficients obtained
from global buckling analysis to those obtained in the conventional
way using individual panels with simply supportedboundaries. The
local buckling analysis is attempted for isolated panels based on
stresses obtained from stress analysis of the whole structure. Two
upper skin panels located between the first and second ribs are cho-
sen for the local analysis, and each panel is assumed to buckle inde-
pendently from the other panels. The first one (sp1) is the skin panel
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Fig. 6 First buckling mode shape for the wing; leading-edge sweep angle = 35.125.
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Fig. 7 Second buckling mode shape for the wing, leading-edge sweep angle = 35.125.

attached to the trailing-edge spar. The other one (sp6) is located
between the sixth spar and seventh spar from the trailing-edge.The
buckling of these two panels seems to be dominant in the first and
second modes of the global buckling analysis as shown in Figs. 6
and 7. The same finite element mesh as in global finite element
model is used to obtain the bucklingload coefficients of the isolated
panels. As expected, the critical A for the isolated skin panel sp1 is
0.879 while the corresponding A for buckling global mode shape A

is 0.918. The critical A for the isolated skin panel sp6is 0.95,whereas
the correspondingA for buckling global mode shape A is 0.968. This
is consistentwith the results of Ref. 12 becauseinteractionof neigh-
boring panels and spar or rib webs tends, in many cases, to stiffen
a panel compared with the simply supported boundary conditions
used usually in individual panel analysis.

Note, as Fig. 9 shows, that a single FE model captures all buckling
modes, whether local or global. Switching of modes, when panels
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Fig. 8 Four wing planforms, corresponding to variation of leading-edge sweep.
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Fig. 9 Variationof buckingeigenvalues and analyticshape sensitivities
for the fighter wing box as a function of leading-edge sweep angle.

or panel combinations become less critical or more critical when
the shape is evolving during design, presents no problem, whereas
when panels are analyzed for buckling individually there is always
a danger that a critical panel will be missed.

Conclusions

The mathematical formulation of the flat triangular DKT/LST
shell element with Loof nodes was modified and adapted in or-

der to obtain explicit closed-form expressions for element stiffness
and geometric stiffness matrices in terms of sizing, material, and
shape design variables. Automated symbolic equation derivation
and closed-formexpressionsfor area integrals were used in the pro-
cess. The resulting equations were used to derive explicit expres-
sions for the analytic sensitivities of stiffness and geometric stiff-
ness matrices with respectto shell sizing, material, and shape design
variables. With analytic shape sensitivitiesof structuralmatrices and
correspondingbuckling eigenvaluesat hand, the resultingnew com-
puter capability makes it possible to construct buckling constraint
approximations for approximation-concepts-based structural syn-
thesis. The simplicity of the shell elements used and the elimination
of the need to carry out numerical integrationlead to computational
savings, especially when repetitive analyses have to be carried out
during shape design optimization of typical airframes. The new ca-
pability can capture both local and global modes of buckling failure
with the same FE model. Subcomponentinteractionduringbuckling
can, thus, be taken into account during shape optimization of wing
and fuselage structures.

In the results presented in this paper and in the work support-
ing it, accuracy of the bucking predictions as well as accuracy of
the analyticsensitivities were demonstrated. Low-level numerical
noise, leading to nonsmooth buckling predictions when shape de-
sign variables were varied, was detected and found to be caused by
nonsmoothness of element in-plane stresses. Whereas the stiffness
matrix and deformation static solutions were found to be smooth,
the nonsmooth stresses led to a nonsmooth geometric stiffness ma-
trix and, hence, to nonsmooth buckling eigenvalues. At the same
time the analytic shape sensitivities were found to be always accu-
rate, leading to an efficient and reliable design-oriented structural
modeling capability.

Appendix: Explicit Expressions for the A and C Matrices (Ref. 31)

0.3333333  0.3333333
—1.422650 —2.577348  2.041450
—2.577349 —1.422650 0.4226499
[A]7' = —1.464101 5.464098  —4.928200
5.0 5.0 —4.464100
5.464099 —1.464100 4.196151
1.732051 —1.732050  1.732051

—0.2440168 0.9106835 0.9106838

—0.2440169 -1

—6.041449 1.577348  0.4226499 6.0
1.577350 —6.041451  2.041451 6.0
8.928199 —6.196150 4.196151 —6.0 (AD)
2.464100  2.464100 —4.464100 —6.0
—6.196150 8.928201  —4.928201 —6.0
—1.732051 1.732051  —1.732051 0.0
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